JOURNAL OF APPROXIMATION THEORY 3, 149-155 (1970)

Restrictions of Fourier Transforms and Extension
of Fourier Sequences

RICHARD R. GOLDBERG

Department of Mathematics, University of Iowa, Iowa City, Iowa 52240

Received May 8, 1969

In this paper we discuss relations between Fourier—Stieltjes transforms of
(bounded Borel) measures on (—o0, ) and sequences of Fourier-Stieltjes
coefficients of measures on [0, 27). We show (Theorem B) that if 4 is the Fourier—
Stieltjes transform of a measure x on (— o0, ), then {A(n)}2_, is the sequence
of Fourier-Stieltjes coefficients of some measure on [0, 27). In the other direction
we show (Theorem F) that if {a,},° __, is the sequence of Fourier-Stieltjes coeffi-
cients of some measure on [0, 2x), then the function whose graph consists of the
line segments successively joining the points (n, a,) must be the Fourier-Stieltjes
transform of a measure on (— oo, ). We also prove a similar theorem for
distributions.

I. Let M(— o0, ) and M[0, 27) denote the spaces of bounded Borel
measures on (—oo, o) and [0, 27), respectively. If pe M(—o0, c0), its
Fourier—Stieltjes transform £ is defined as

AG) = | T eintdu(t) (0 < x < o),

00

If v € M[0, 27), the sequence {a,},> _., of Fourier-Stieltjes coefficients of v is
given by

1

= 2

27
f et d(t)  (n=0, +1, +2,.).
0

The abbreviation FT stands for Fourier-Stieltjes transform of a measure on
(— o0, o0) and FS stands for the sequence of Fourier-Stieltjes coefficients of
a measure on [0, 27).

We shall make use of the functions & and 4, given by

1 —cost

1
)= %

(—o <t < w) (1
149
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and
dx) =1—|x| (Ix|<1)
d(x) =0 (Ix|>1D.

It is well-known [2], p. 21 that 8 € L(— o0, o) and 4 = §.
II. The first theorem shows that if # is a FT, then {h(n)},>_, is a FS.

(For absolutely continuous measures this is essentially given in [S], p. 68).
We need first

LemMmA A. Let pe M(— o0, o) and for E C [0, 2n), let

WE) = 2m f p(E + 2k). @

k=—0

Then v € M[0, 2m).

Proof. To show v is bounded, we have

%f dlv|(t) < j (z ly.l(t—{—Zk*n')) k,_mf dlp(t+ 2%kmn)

Jo=2—00

> f(m) dlul(t)—fw dlpl(t) < .

J=—0 —®©

The interchange of sum and integral is justified by absolute convergence.
THEOREM B. If p € M(—c0, o0) and v is defined by (2), then {f(n)},_. is
the FS for v.
Proof. We have, forn = 0, +-1, 42,...,

(2k+

ay = [ emtdut = ¥ [ e dugr

o

= 3 [t duts + 2hm) = 5 [ e ) = oo

k=~

The required absolute convergence follows as in the proof of the lemma.
Remark C. Ttis clear that if w is absolutely continuous, then so is v. Thus,
if fe LY{(— w0, o) and

o) =27 Yt + 2%m)

k=—00
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then the series converges for almost all t€ [0, 27), and ¢ e L0, 2m).
Moreover, {f(n)}>_., will be the Fourier coefficients for ¢. Thus, if f,
g € LY(—oo0, 0o) and f(n) = g(n) for all n, then

S F+2%kmy= Y g+ 2%m) ae <1< 2m

k=—c0 k=00
(since the Fourier coefficients for both sums will be equal). Here is an
application. Let
W) = 12 O <t < 2m),
Y(t)=10 for all other ¢.

Then 4 € LY(— o0, o) and (0) = 1, (n) = O for n £ 0. Thus,
f(n) = A(n) = 8(n)

for all n, and so

i 8(t + 2km) = f Yt + 2%km) ae.

k=—c0 k=—

But the sum on the right is easily seen to be equal to 1/2# for all ¢. Thus,
S 8(t + 2km) = 1/2m a.e. That is,

1 i l—cosz 1
(t + 2kwm? — 27

T Jp=—00

Changing ¢ to 2t, we deduce the familiar identity

1 1

L TTEE S wmEr

k=00

III. If g is a function on (—o0, o), we have seen that a necessary
condition that g be a FT is that { g(n)}>__,, be a FS. This condition is clearly
not sufficient, since g can behave badly on the noninteger reals. However,
there is one type of functions g on (— 0, ) for which the condition that
{ g(m)}n-_. be a FS is sufficient in order that g be a FT—namely, functions
which are linear on each interval [n, n 4 1].

LemMA D. Let{a,}; _. be any sequence of complex numbers, and let
gx) = Y ad(x—k) (-0 <x < ), 3

J==—00

Theng(n) = a, (n = 0, +1, +-2,...) and g is linear on each interval [n, n + 1).
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Proof. Fix n. f n < x <n-+ 1, then, since A(y) vanishes outside
—1<y<l,d4(x — k) =O0forallk <<n — land all k > n + 2. That is, if
n<x<n+1, then

g(x) = a,d(x — n) + a,, d(x —n — 1)
=@l =[x —nl]l+ Guyll = |x—n—1]]
= an[l - (x - n)] + an+1[1 - (n +1 - X)L
Thus, g(n) = a, and g is linear on [n, n + 1].

Restated, the lemma says that the function whose graph consists of the line
segments joining (n, a,) to (n + 1, a,4), forn = 0, £1, 42,...,1s given by (3).

LemMA E. Let ve M[0,2w) and let v~ be the periodic extension of v to
(—o0, ). That is, for E C [2kw, 2k + 2)m),
v~ (E) = v(E — 2k=).
Let p = 8v~. (That is, W(E) = [ 8(t) dv~(t).) Then p € M(— oo, ).
Proof.
@ w * (2k+-2)7r
[_dipio=| sodvi0=3 [ " s0dlvi@

- k=—0

- i f:"s(t+2kﬂ)dxv~|(t+2kn)= i f:"a(t+2kn)d|v|(t)

f=—o0 k=—%

<4 )Y M,, where M, = oJax 8t + 2kn).

Clearly, M;, = O(k~?) as k — o and so, Y. ., M, < o, which proves the
lemma.

THEOREM F. Let {a,}7. . be the FS for ve M[0, 2x), and let g be the
Junction whose graph consists of the line segments joining successively the
points (n, a,), for n = 0, +1, 4-2,... . Then g is a FT—indeed, g is the FT of
the measure p = &v"™.

Proof. From Lemma D we have, for any x,

gx) = 3 ad(x —n) = i a, Iw e—i@-mt §(¢) dt

f=—00 N=—00

=3 af °_° =3t §(1) et d. @

n=—x
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We would like to interchange sum and integral. However, we do not know
even that 3 __ a,e™, which is the Fourier-Stieltjes series for v, converges.
Hence, we use (C, 1) summability. Since the series on the right of (4) converges
to g(x), itis (C, 1) summable to g(x). That is,

s | 7|

g0) = lim ¥ (1= 7)o fo 5%t §(1) et di
neN —®

N
. = . | n} )
— ~iat P IR int
= lim f_w € 8(’)n=Z_N ( N+ 1 ) apet™ dt,
and so
gy =lim [ e#sodt (o <x<o), )

where the oy are the (C, 1) means of Z:;_w a,e™t. Now, o, converges
weak* on the circle to v [3], p. 20. That is,

lim | z Fe) on(t) dr = | : F(t) du(t),

for F continuous on [0, 27], with F(0) = F(27). Hence,

. (2k+2)7 (2k+2)7
lim G(1) o(t) dt = f G(t) dv~(1),
No® Joopn 2k
for any G continuous on [2km, 2k + 2)7], with GQkw) = G[(2k + 2)=],

and so
(2k+2)7

-+ (2k+2)7

lim et §(t) op(t) dt = f e=i=t §(1) dv~(t), (©)
No® Jogn 2wt

for k = 0, 41, +2,... .(Note 8(2kn) = 6[(2k + 2)7] = 0.) Continuing, we

have

(2k+2)

f:, et §(1) () dt = i f " emint §(1) oy (1) db. 7

k=—a0 ¥ 2k7
Now [S57 | op(2)| dt < M, for all N = 1,2,., [3], p. 23. For each
k =0, 1, £2,..., we thus have [$5r7 | e~ §(1) op(t)| dt < MM, , where
M, is as in the proof of Lemma E. Hence, the series on the right of (7) is term
by term dominated by Z,:’:_m MM, < o, which is independent of N. We
may, thus, let N — o under the summation sign in (7). This and (6) give

® (2k+2)m
ST et a0 dv(e)

k=—00 ¥ 2k

lim | : e~i%t 8(¢) oy (f) dt =

= " emint (1) dv~(1).

Hence, by (5), g is the FT of u = 6v~, which is what we wished to show.
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From the definition of g, it is clear that if » is absolutely continuous, then
so is u. We, thus, have

COROLLARY G. Let ¢ € LMNO, 27) have Fourier coefficients {a,} _., and
let g be the function whose graph consists of the line segments joining successively
the points (n, a,), for n = 0, 1, 42.... . Then g is the Fourier transform of a
Sunction in LY{— co, w0)—indeed, g = (8¢~)", where ¢~ is the periodic
extension to (— oo, ) of ¢.

IV. For those familiar with distributions we can give a generalizaion
of Theorem F. For distributions on the circle we refer the reader to [1],
Chap. 12 and for distributions on the line, to [4], Chap. 4.

THEOREM H. Let T be a distribution on [0, 27) having Fourier coefficients
{an}>._, and let g be the function whose graph consists of the line segments
successively joining the points (n, a,) forn = 0, £-1, 4-2.... . Then g (considered
as a distribution) is the Fourier transform of a tempered distribution—indeed
g = (8T~)", where T~ is the periodic extension of T to (— o, o).

Proof. It is known that every distribution on the circle has finite order.
Hence,
a,=0(n[) (In]— ), ®)

for some positive integer 5. Now, 7~ can be defined as

[+
T~ = Z a”eint (___w <t < w)

n=-—w

and, because of (8), T~ will be a tempered distribution on (— o0, o). If ¢,
is the measure on (— oo, o), with mass 1 at n, and if

¢ = 2 a,éy ,
N=—0
then ¢ is a tempered distribution and is the Fourier transform of T~. By
Lemma E,

gx) = Y ad(x—n)
and so, since e, x 4 = A(x — n),
g = ( Yy a,,e,,)*A = x4,

22 e OO

where g is, now, a distribution.
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But ([4], p. 424), if T, is a tempered distribution and 7, is a tempered
distribution whose Fourier transform is a function with compact support,
then T," * Ty~ = (T T,)". Hence, since 4 has compact support, we have
g=o9xd = T~" 8 = (T'8)" and the proof is complete.

If T is a measure, then Theorem H together with Lemma E gives a shorter
proof of Theorem F. However, the results concerning distributions that we
have used are much deeper and more difficult to establish than the results
used in the proof of Theorem F, as given.
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